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00 ' We discuss the validity of the holographic principle in a (4 + n) 

dimensional universe in an asymmetric inflationary phase. 
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O Recently a new possible solution to the hierarchy problem has been pro- 

posed JUI, where the fundamental Planck scale goes down to the level of the 
Tev region, provided that there are compact extra dimensions where gravi- 
tationals fields propagate. In such the size of these extra dimensions 

should be in the submillimiter scale in order to conform to the phenomeno- 
logical constraints. Indeed, using Gauss's law in (4 + n) dimensions it is 
possible to relate the Planck scale in the (4 + n) dimensional theory (M*) 
with that of the 4-dimensional theory (Mpi) by means of the size of the n 
compactified dimensions (bo)- It is easy to find |J 

M 2 Pl = (b ) n M: +2 (1) 

Assuming the usual value Mpi ~ 10 19 GeV and M* ~ 1 TeV, we find bo ~ 
PQ-17+^ cm _ p Qr n = 2 we obtain the (reasonable) value &o — 1 mm. 
We would thus find deviation from Newtonian gravitation in a range within 
experimental search in the near future. 

There are several papers discussing the theoretical and phenomenological 
aspects of this idea H. From the fundamental point of view, gravity can 
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propagate freely around the whole set of dimensions in the submillimeter 
region, but the Standard Model (SM) fields get confined in the 4-dimensional 
world. This is feasible if we consider that the SM fields are localized on a 
3-brane immersed in the higher-dimensional space, as in the case of D-branes 
occurring in type I /II string theory ||,[]|J. Thus a very attractive model of 
early universe has been proposed H, and the underlying cosmology that 
occurs for small extra dimensions can be of wide interest. 

In this model the dynamics of the dimensions as described by the Einstein 
equations is the central question. They are divided in a (so called wall) four 
dimensional world, and the n-internal dimensions. In concrete terms, the 
picture proposed is that of an early inflationary era followed by a long epoch 
where the scale factor of the brane-universe undergoes a slow contraction 
while the internal dimensions continue to expand towards their stabilized 
value. When the contraction ends the universe goes asymptotically to the 
radiation dominated behaviour as described by the FRW model. Although 
details of the dynamics underlying the transition are not known, a reasonable 
alternative explanation of the dynamics leading to the Cosmological standard 
model may arises. 

On the other hand, we have witnessed a great activity on the holographic 
principle || |7| which states that all information about physical processes 
in cosmology can be stored on the surface enclosing the physical universe. 
This idea has received strong support from another conjeture known as 
the AdS/CFT correspondence |§. The conjetured equivalence between Su- 
pergravity on D-dimensional AdS space and conformal field theory on the 
(D — l)-dimensional boundary has been proven very useful to gain infor- 
mation about supergravity in the bulk from knowledge about its boundary. 
Moreover, the holographic principle has been extended to cosmology and 
there have been many attempts to apply different formulations of this prin- 
ciple to various cosmological models. 

In this paper we will try to check the compatibility of the holographic 
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principle with the cosmological model proposed by Arkani-Hamed et al ||. 
Specifically the cosmological version of the holographic principle proposed by 
Fischler and Susskind0 will be checked. Here we will restrict to the study 
of the contraction epoch with two extra dimensions, in agreement with the 
afore mentioned phenomenological constraints. 

The evolution of the scale factors a(t) corresponding to the 3-dimensional 
physical (observable) space, and b(t), corresponding to the internal dimen- 
sions, is described by the Einstein equations as given by|| 

QHl + 2Hl + l2H a H b = ^, (2) 

- + # 6+3 # b if a -^(---— ), (3) 

a n b dV , , 

- + 2fl J + aW f.= __. (4) 

where we have introduced the Hubble parameters H a = a/a and = b/b 
for the two scale factors, the overdot denoting the derivative with respect to 
t. Here, V is the stabilizing potential, which is a function of the scale factor 
b. These quantities are in the socalled string (brane) frame. The reason is 
that the kinematics in this frame is automatically expressed in terms of the 
units measured by the observers which live on the wall. 

This system has been obtained from the original Einstein equations after 
neglecting the energy density p and pressure p (see Eq(57) in Using the 
COBE data we can prove that values of p and p are much smaller than the 
potential V. This potential, in the semiclassical limit, may be viewed as an 
expansion in inverse powers of the scale factor b(t). Simplifying, it has been 
taken as being a monomial form, V = Wb~ p , where W is a dimensionful 
parameter. 

These equations can be solved exactly. Defining 



ie «W b = bit*® (5) 
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and going to the new time variable 

dr = -e- 3a ~ 2f3 dt (6) 

the previous system, after some algebra, can be reduced to a functional 
constraint equation [|5| 

4« + -^-p = d + C 2 r (7) 
4 + p 

together with a simple first order differential equation, 

= A 3(4 + P f 

4 32 2 y ' 

where 

X = 6a + (2-p)p (9) 

and Ci, C 2 are integration constants. The other two parameters that appear 
in the system are A = 8 — 8p — p 2 , cu = M ^±+ P ■ The prime denote the 

* i 

derivative with respect to r. 

The solutions of the system take different form, controlled by whether C2 
vanishes or not, and by the value of A. It is found that the solutions can be 
classified in four types: 

(1)A = 0; (2)A>0,C 2 = 0; (3)A>0,C 2 <0; (4)A<0,C 2 <0 

(10) 

The critical value A = corresponds to p ~ 0.899. In this case the solution 
is 

a = a^) k , (11) 

b = h{U , (12) 

with k = —0.1266 and I = 0.69. Such values satisfy the two algebraic equa- 
tions, namely 

3A; + 2/ = l , (13) 
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and 

3k 2 + 2l 2 = 1 , (14) 

implying that in this era the solution describes a Kasner universe. 

Applying the F-S criteria for anisotropic universes the following entropy /area 
relation is obtained, with the bar quantities defined in the Einstein frame, 

where the comoving size of the horizon is 

(16) 

and a is the comoving entropy density 

In order to calculate the S/A relation ( |T5D we use the expression that 
relate the metric in the Einstein frame with the one in the string frame || 

9v» = b 2 g^ . (17) 

Using this map, we get 

a = ba b = bb dt = bdt . (18) 

Therefore we have 

Ru,a = Rh,u Rh,1 — RH,b ■ (19) 
Now, the S/A relation can be rewritten as 



1 a(R H , a ) 3 (R H , 
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The authors of Ref jlO[ argued that when the Fischler-Susskind criteria is 
applied to inflationary cosmology the evolution of the universe should be 
considered after reheating. For the model of Arkani-Hamed et al we will 
take the initial time £j as corresponding to the end of the de Sitter phase, 
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because the model does not have the usual post-inflationary reheating of 
standard inflationary cosmology. We also should remember that the end of 
the de Sitter phase is the beginning of the contraction epoch. 

Taking into account the scale factors (|TTp and flT^) we get, after some 
manipulations, 



a 



where 



and 



S/A = —, Cl Uf(x), (21) 



Cl = (l- fc )3/ M l-^ = M873 ^ 

fix) = 1 t* 1 -* - ~ f23 ) 

JK) x 4l (x-x k ) 12 / 5 (x-x 1 ) 8 / 5 ' { } 



where x = t/ti. 

The shape of f(x) is illustrated in figure 1. Using (|T3"D it can be checked 



that the asymptotic value of f(x) is zero. Therefore if the holographic bound 
holds when f(x) has its maximum value, later on, the bound will be satisfied 
even better. 

The solutions in the case A > 0(0 < p < 0.899) and C2 = are similar 
but the corresponding powers are 

2p 



(2 + p)(4 + p) 



(24) 



u = . (25) 

2+p V ; 

In this case the powers satisfy 

3v + 2u > 1 . (26) 

Repeating the same procedure as the previous case we find for the entropy 
to area ratio the result 

S/A=^-rc 2 Ug(x) , (27) 



a 
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where for p < 0.899 



1 1 



(28) 



(1 - v) 3 / 5 (1 - u) 2 / 5 



1 (x l ~ v - l) 3 ^ 1 "" - l) 2 
x 4u (x - x v ) 12 / 5 (x - x u ) 8 / 5 



(29) 



and for p = 



c 2 = l 
1 (x- l) 3 / 5 (/n(x)) 2 / 5 



(30) 



#0) 



(31) 



In figure 2 the function g(x) is shown for diferents values of the parameter 
p(0, 0.5, 0.7). Also in this case the asymptotic value of g(x) is zero. In figure 
3 a comparation between the functions f(x) and g(x) is displayed. 

In the case (A < 0(p > 0.899), C 2 < 0)the Kasner solution applies asymp- 
totically (see Ref ||). In other words, the scale factors a(t) and b(t) take the 
form (|TT1) , (|i~2"f ) for large times. This implies that the ratio entropy/area will 
coincide with the A = case in the remote future (see figure 4). 

The last solution (A > 0, C 2 < 0) is similarly reduced to the case (A > 
0,6*2 = 0). Then, the scale factors will have the powers (p4|), (^fj) and the 
entropy/area relation will be described by equation ( p7|) in the remote future. 

In conclusion, we have found that the holographic principle can be sat- 
isfied in the contraction epoch for the model of Arkani Hamed et a/||. The 
entropy to area ratio has a similar asymptotic behavior for all the solutions. 
As this model presents some novelties for inflationary cosmology, the results 
that we have obtained could be useful in order to improve our understanding 
of the holographic principle in relation to cosmology. 
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Figure 2: Function g(x) in the subcritical cases p = 0(A), 0.5(B), 0.7(C). 
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;ure 3: Comparison between the cases p = 0(A), 0.5(B), 0.899(C). 
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Figure 4: Comparison between the cases p = 0.5(A), 0.899(5), 8(C). 
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